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Abstract 
The following theorem is proved. Let 2 ~< k ~< [n/4] + 1, and let S be a sequence of 2n - k 
elements in Z.. Suppose that S does not contain any n-subsequence with 0-sum. Then, one 
can rearrange S to the type a . . . . .  a, b . . . .  ,by cl . . . . .  Cz . -~- . -v ,  where u >/n - 2k + 3, 
I, 
v I> n - 2k + 3, u + v/> 2n ~ 2k + 2 and a - b generates Z. .  
1. Introduction 
The Erd6s--Ginzburg-Ziv theorem states that if at ,az  . . . . .  a2.-~ is a sequence of 
2n - 1 elements in a finite abelian group G of order n (written additively), then 
0 = al, + ..- + al. with 1 ~ i~ < --- < i. ~ 2n - 1. In this paper we shall prove the 
following improvement of this result. 
Theorem 1. Let  n >. 2 and 2 <. k <~ In/4-1 + 2, and let a l ,  a2 . . . . .  a2. -  h be a sequence o f  
2n - k elements in the cyclic group Z .  o f  order n. Suppose that for  any n-subset I o f  
{ 1 . . . . .  2n - k }, Y~Et a~ ~ O. Then, one can rearrange the sequence to the type 
a ,  ... ,£/, b,  ... ,b ,  Cl~ ...  , c2n-k -u-  w 
v 
where u >1 n - 2k + 3, v >t n - 2k + 3, u + v >. 2n - 2k + 2 and a - b generates Z . .  
For  the recent development in this area see [! ,  3, 5-8].  
L Progff of Theorem 1 
To prove Theorem 1 we need several preliminaries. 
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Definition. Let S = (a~ . . . . .  aD be a sequence of elements in Z~. We define ~(S) to be 
the set that consists of all elements in Z~ which can be expressed as a sur~ over 
a nonempty subsequence, i.e., 
~(S)={a i ,+  ... +ai, I1 ~<il < -.- <it<~k}.  
Definition. Let S be a sequence of elements in Zn. For any x ~ Z~, by S(x) we denote 
the number of the times that x occurs in S; and we define h(S) by 
h(S) = max {S(x)[ x e Z~}. 
Lemma I (Bovey et al. [2]). Let k >>. 1, n - 2k >>. 1, and S a sequence of n - k elements 
in Z, .  Suppose Off , (S).  Then, h(S) >1 n - 2k + 1. 
Definition. For any x ~ Z~, by [xl we denote the least nonnegative inverse image 
under the natural homomorpbism from the additive group of integers onto Z~. 
Definition. Let S = (al . . . . .  am) and T = (bl . . . . .  bin) be two sequences ofelements in 
Z~ with IS[ = I T[. We say S is similar to T if there exist an integer c coprime to n and 
a permutation 6 of {1 . . . . .  m} such that, at = cb~,) holds for every i - -  1 . . . . .  m. 
Denote it by S -~ T. Clearly, "~- " is an equivalent relation; and if S -~ T, then 
0 ~ ~(S) if and only if 0 e ~(T). 
Lemma 2. Let S be a sequence of n - k elements in Z ,  with 1 <~ k <~ [n14] + 1. Suppose 
O~, Y(S). Then, 
S - (1  . . . . .  l ,x l  . . . . .  x, -  1), 
n-2k+l  
where all xl # O. and ~,=k- s'Ix, I ~ 2k - 2. 
Proof. We shall assume that n >t 5, for the lemma is easy to verify for n ~< 4. 
Since 0¢~(S), by Lemma 1. we have 
S ~ (a . . . . .  a, yl . . . . .  Y,-1) 
'-.---w.----' 
n-2k+ I 
and 0~( (a  . . . . .  a)). Therefore, the order of a is larger tLan n -2k  + 1, but 
n- -2k~' l  
n - 2k + 1 >1 n - 2([n/4] + !)/> n/2 - 1 /> [~z!3-1, hence, the order of a is n or n12. If 
the order of a is n/2, then n/2 -1<~n-2k+l<n/2 ,  this force that 
n - 2k + I = n/2 - l and k = n/4 + 1 >/3 (since n >/5). Let H be the subgroup of Zn 
with [HI = n/2. Then, a e H, and at least one of y~,y2, and y~ + Y2 is in H, hence, 
W. Gao / Discrete Mathematics 163 (1997) 257-265 259 
either 0~( (~,y l )~ or 0e~((~,y2) ) ,  or 0~( (a  ~ . . . . .  a, yl  4-Y2)). This 
hi2 - 1 HI2 - 1 hi2 - 1 
contradicts to 0 ~ ~'(S) and implies that the order of a is n. Therefore, 
S ~(1  . . . . .  1,xl . . . . .  xk- l). 
n-2k+ 1 
Since 0¢~(S)  and {1 . . . . .  n - 2k + 1} _ ~((1 . . . . .  1)), we have, 
n-2k+ 1 
~((x l  . . . . .  xk_l))c~{2k -- 1,2k . . . . .  n - l ,n} = 0. 
Hence, 
~( (x ,  . . . . .  x~-t))  ~- {1 . . . . .  2k - -2} (1) 
this gives that 
l ~]x l ]~<2k-2  for i=  1 . . . . .  k - l ,  
and 
IX1[ + ]X2[ ~ 4k -- 4 ~< n, 
so by (1) we have 
Ix l l  + Ix21 = Ix~ + x21 ~< 2k - 2 
thus Ix l l  + I:czl + Ix3l = Ix~ + x21 + Ix~l ~ 4k - 4 ~< n, again by ( I)  we have 
Ixl l  + }.x2! + Ix31 = Ixl + x2 + x31 ~< 2k - 2, 
continue the same process we must get 
This completes the proof. []  
[ ,emma 3. Let I <~ k ~ In/4] + 1, and let S = (xl . . . . .  x~) be a sequence of  k elements 
in Z ,  with all x i•O and Y~=l lxd: ( -2k.  Then, for ever)' x~Z,  satisfying 
k I ~ lxl ~< Yi= ~ Ix~l, either x E ~'(S) or x + 1 ~ ~(S). 
Proof. We proceed by induction on k. The lem,na is clearly true for k = 1, 2. 
Taking k/> 3, we assume that the lemma true for k - 1. 
We rearrange sequence S so that [xs[ <~ .-- ~< [xh[. If xl . . . . .  x~- i  = 1, then 
Ix~l ~< 2k - (k - 1) = k + 1, it is easy to see that 
~(S)  = ~'{1,2 . . . . .  xk+k- -  l} if jx~l ~< k, 
1,2 . . . . .  x~+/~ l} -{k}  i fx~=k+l .  
Clearly, this implies the lemma true for this case. 
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Therefore ,  we may assume that  2 ~< Ixk- 11 ~< Ix~l. I f  Ixl ~ Ix~l + ~-~ Ix~l, then  by 
induct ion ,  x e ~((xl . . . . .  Xk-z,Xk)) or  x + I 6 )~((xl . . . . .  Xk-z,Xk)), and we are  done;  
k-2  otherwise,  Ix~l + Y~=~ Ix~l ~< Ixl < Y~=~ Ix~l, th is  impl ies that  
k-2  k -2  
1<<. ~. Ix i l<~lx -x~_x l<~lxk l+ ~, Ixil, 
i=1  i=1 
again by induct ion,  x - x~_ 1 ~ E((xl  . . . . .  x~_ ~, x~)) or  x - x~_ ~ + 1 e ~((x~ . . . . .  x~_ z, 
Xk)), hence,  x e ~(S)  or  x + 1 6 ~(S) .  Th is  completes  the proof ,  r-1 
Lemma 4. Let 1 <<. k <<. In /4 ]  + 1, and let S = (1 . . . . .  1, x l  . . . . .  xk- 1 ) be a sequence of 
n-2k+ 1 
n -- k elements in Z. .  Suppose all xi ~ 0 and suppose ~i=k- 11 [Xi] <~ 2k - 2. Then,for any 
x 6 Z~ with n - 2k + l <~ lxl <<. n - 2k + l + vk -1  ~.~=~ Ix~l, there exists a subsequence 
T of S such that I T I />  n - 2k + 1 and the sum of whose elements is x. 
Xk-~ Proof .  Let x e Z ,  wi th  n - 2k + 1 ~< Ixl ~< n - 2k + 1 + i= Ix~[. I f x  = n - 2k + 1, 
then  x = 1 + -.- + 1 and  we are done;  otherwise,  n - 2k + 2 ~ Ixl ~< n - 2k + 1 + 
n-2k+l  
E~:-~ I.,c,[ ~< n - 1, then  ! ~< Ix - (n - 2k + l)l ~< E~-~ Ix, I, by Lemma 3 we have,  
e i ther  x - (n -  2k + 1) ~ ~( (x l  . . . . .  xk -1 ) )o r  x - (n -  2k + 1)+ ! ~ Y~((xl . . . . .  Xk- t)), 
hence,  e i ther  x = 1 + .-. + 1 + y wi th  y e~( (x l  . . . . .  xk - l ) ) ,  o r  x = 1 + .-. + 1 +y  
n-2k+l  n-2k  
with _v ~ ~( (x t  . . . . .  .'ok- 1 )). Th is  completes  the proof.  [ ]  
Def init ion.  Let S = (a~ . . . . .  ak) be a sequence  of  e lements  in Z , .  For  any  b e Z~, by 
h + S we denote  the sequence  (b + a~ . . . . .  b + ak). For  any  1 ~< r ~< k, we def ine Y.,(S) 
to be the set that  cons is ts  of  all e lements  in Z ,  wh ich  can be expressed as a sum over  
a r - te rm subsequence  of  S, i.e., 
Y . (S)  = {a~, + --. +a~. l  1 ~<ii < "-- <i,<~k}.  
r 
Lemma 5 (Gao  I-6"1). Let k ~ 0, and let S be a sequence of n + k elements in Z. .  
Suppose 0¢ ~1S) .  Then, there exist a (k + l)-term subsequence T of S and an element 
b ~ Z .  such that O¢ Y.(b + T ). 
Definit ion. Let S = (a~ . . . . .  am# and T = (bl . . . . .  bin) be two sequences  of  e lements  in 
Zn wi th  ISI = J TI. We say S is equiralent to T, if there exist an  integer  c copr ime to n, 
an  e lement  x 6 Z~, and  a permutat ion  6 of  { 1 . . . . .  m } such that ,  a~ = c(b~.~ - x) ho lds  
for every i = I . . . . .  m. Denote  it by S .,- T. Clear ly,  '" -,- "' is an  equ iva lence  re lat ion;  
and  i fS  ~ T. then 0~(S)  i f f0~ ~(T) .  
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Definition. If T is a subsequence of a sequence S of elements in 7,,, then deleting the 
terms of T from S we get a new subsequence of S and denote it by S - T;  if more U is 
a subsequence of S-  T,  by U + T we denote the subsequence W of S with 
W - T = U. Suppose S = (al . . . . .  ak), by ES  we denote the sum ~=1 al. 
Proof of Theorem 1. Since 0¢~. (S) ,  so by Lemma 5, we have that, there exist 
a (n - k + D-term subsequence T of S and an element b ~ Z .  such that 0¢Y~(b + T), 
but 1 ~<k-1  ~[n /4]+ l ,  so apply Lemma 2 to sequence b+T we get 
h(b + T) /> n - 2k + 3, hence: hiS)  >1 n - 2k + 3 and 
S ~" (0  . . . . .  0 ,  y I . . . . .  Y2n- / , -u ) ,  
u 
where t: = h(S) >/n - 2k + 3. 
Put $1 = (0 . . . . .  0,yl . . . . .  Y2n-k-u), then n - 1/> u = h(S) = Sl(O) >1 n - 2k + 3 
"-- - -v-- -"  
u 
and 04 Y.(St ). Choose W to be the maximal subsequence fin size) of(y1 . . . . .  y2M-tc-a) 
such that Y~ W = 0, clearly, 
0~Y~((y l  . . . . .  Y2n-k -u ) -  W). 
If [ W J > n, then it is easy to see that there exists a subsequence W, of W such that 
Y~WI = O and n/2 < JWl l  <~ n, but u + lWl [  > n - 2k + 3 + n/2 >~ n - 2( [n/4]  + 
2) + 3 + n/2 >~ n - l, therefore, u + lW,  i >~ n and O <~ n - IW,  l <<. u, hence, 
0 =0 + --- +0 + 5"W~ contradicts to O¢~n(Sl) .  This implies IwJ ~< n, it follows 
n-[Wll 
from OeY. . (S t )  that 
]W[ <~ n - u -1 .  (2) 
Put w=[Wt ,  and put l=k+u+w-n ,  then 2n-k -u -w=n- l ,  and 
! <~ k - 1 <~ In/4]  + !, since 0~Y~((yl . . . . .  Y2. -k- . )  - W), we must have 1 ~< I, now 
apply Lemma 2 to (y~ . . . . .  Y2.-k-~) - W, we get 
(Yl . . . . .  Yz,,-k-.) -- W - (1 . . . . .  l , x l  . . . . .  Xl - l ) .  
n-  21+ 1 
with y~[.2 ~ Ixl[ ~< 21 - 2. 
Hence, 
S '-- $1 ~ ~0 . . . . .  O, 1 . . . . .  l , x l  . . . . .  xt-  i,-rl . . . . .  -Tw), 
u . -21+!  
where all xl #: 0, and (z ~ . . . . .  zw) is the maximal subsequence of( 1 . . . . .  1, x i . . . . .  x~_ l, 
n-21+l  
zl . . . . .  zw) satisfying Y~'=l zi = 0. 
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Put $2=(0  . . . . .  0,1 . . . . .  l , x l  . . . . .  xz - l , z l  . . . . .  zw), r=(x l  . . . . .  xj- l)(1), t=  
u n -21+1 
(z~ . . . . .  zw) (1), and v = n - 2l + I + r + t, then c -- $2(1). Clearly, it is sufficic~lt o 
prove the following inequality: 
u + v ~ 2n - 2k + 2. (3) 
If 2 ~ Izll ~< n - 21 + 1 + ~l  Ix~l holds for some 1 ~ i ~< w, then by Lemma 4, 
one can find a subsequence L of (1 . . . . .  1, x 1 . . . . .  x~_ 1 ) such that zi = )~L and ILl >/2, 
n-21+ 1 
put W2 = (z~ . . . . .  z~)  - (zi) + L,  then ~W2 = 0 and w < IWzl, this contradicts the 
maximality of (z~ . . . . .  z~). Hence, 
i - I  
n - -1  >>. [zil >~ n --  2/ + 2 + ~ [xil >l n --  r (4) 
i=l  
holds if z~ #= 1. Without loss of generality, we may assume that 
Iz;[ ~ 1 for 1 ~<i~<q, 
] z i l=  1 fo rq+ 1 <<.i<~w, 
where 0 ~< q ~< w. 
We may assume that n I> 5 for the theorem is easy to verify for n ~< 4. If q = 0, then 
u + v >i 2n - k - (l - 1) t> 2n - 2k + 2 and we are done. Otherwise, q 1> 1, we show 
next that 
holds for every p = 1 . . . . .  q. 
If q = 1, then (5) follows from (4). Therefore, we may assume that q I> 2. 
I fq = 2, then it follows from (4) that 2n - 2 I> Iz~l + Iz21/> 2n - 2r/> 2n - 2k + 4, 
this together with k ~< [n/4] + 2 shows that n/> 4k - 8 and that 
2n - 2/> Iz, I + Iz21/> 2n -2k  +4>~n,  
this implies that 
n - 2 >~ lz l  +z., I  = lz l l  + l z21-  n >>. n - 2k +4.  
It follows from n />4k-8  and n />5 that n -2k+41>3,  if I z l+z2 l~<n-  
21 + 1 + y l  i -  '1 Ixd, then by Lemma 4 we have, zl + z2 = ~T holds for some subsequ- 
ence T of S with IT[ >/3. Put W'  = (z~ . . . . .  z~) - ( z l , z , . )  + T ,  then ~W'  = 0 and 
w < I W 'l, a contradiction. This proves (5) for q = 2. 
if q/> 3, then w/> 3. In this case we shall prove (5) by showing it holds for 
1 ~<min{q,w-2}andq~<w-2 .  
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We first prove (5) holds for 1 ~< p ~< rain {q, w - 2} by induction on p. 
p = 1, obviously, 
Taking 2 ~< p ~< rnin{q,w - 2}, we assume (5) true for p - 1. By induction and (4) 
we have 
n - p/> (~f=, Iz, l) - (p - l)n = (~/P$~ Iz~l) - (p - 2)n + Izi] - n 
>~ n- r - r=n-  2r >~n-  21+ 2 >~n-  2k +4 >~O. 
Hence, 
n - 21 + 2 ~< z~. 
If ]Y.~'= ~ z~] <~ n - 21 + 1 + Y~,=x~- ~ Ix,I, then by .'_emma 4 there exists a subsequence 
To f ( l  l , x t  ,xz_ l) such that Y.~= z ,=YTandsuchthat lT l~n-21+l ,  , " " ,  , " ' "  1 
n-21+ 1 
put Wo = (z l  . . . . .  zw) - (zl . . . . .  z~) + T, then Y Wo = 0, and 
IWo l=w+lT l -p>~w+n-21+l  - (w-  2) 
>/w + n -  2k + 3 - - (n - -  u - -  3)(since w <~ n- -u - -  1) 
/> w + n -  2k + 3 -  (2k -  3 -  3) (since u 1> n -  2k + 3) 
= w + n -  4k + 9 > w (since n >/4k -  8), 
a contradiction. Therefore, 
z, >~n-21+2+ ~ ]x i l>~n-r .  
i i=1  
This proves (5) with the restriction 1 ~< p ~< min{q,w - 2}. 
In what follows, we show that 
q<~w--2.  
If q=w-  1, then n- (w-2)>~lz l  + ... +zw-21>.n- r ,  n-  1 >~lz,_~l~> 
n - r, and z~ = 1, therefore 
2n > 2n - w + 2/> Izl + ... + Zw-zl + Iz,,- ~1 + Iz,  I i> 2n - 2r + 1 > n, 
this contradicts to Y~'= ~ z~ = 0. Hence, q # w - 1. 
If q=w,  then n- (w-2)>~lz t+ ... +z,-2)>>.n- r n -1  ~>lz,,-t l ,  Iz,,l~ > 
n - r, therefore, 
3n> 3n-w>~lz l  + ... +z ,~-2 l+ lzw- l l+ lzw l  
t> 3n - 3r/> 3n - 3k + 6 > 2n, 
this also contradicts to Y~'= t zi = 0 and proves q ~< w - 2. So we prove (5). 
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Note  that  I - z~l = n - Izil, when p = q, one can rewrite (5) in the form 
q~< ~ I - z i l~  <r ,  
i=1  
but q = w - t, thus r + t /> w, therefore, 
u+v=u+n-21+ 1 +r+t>>.u+n-21+ 1 +w=2n-k - ( l -  1) 
>1 2n - 2k + 2. 
This completes the proof. []  
Corol lary 1. Let  n, m >12 and 2 <<. k <<. [n/4] + l,  and let S be a sequence o f  
(m + l )n - k elements in Zn. Suppose that there is no mn-subsequence T o f  S such that 
Y T = O. Then, one can rearrange S to the type a . . . . .  a, b, . . . ,  b, c i . . . .  , qm + ~) ~ - k - ~- ~, 
u v 
where u >1 n -  2k + 3, v >>. n -  2k + 3, u + v >i (m + 1)n -  2k + 2, and a -  b gener- 
ates Z . .  
Proof. By the Erd6s -G inzburg -Z iv  theorem one can get a (m - l )n- term subsequ- 
ence T of S with y T = 0. Put  So = S - T, since 0 ¢ Y~,.(S), we must  have, 0 ¢ Y..(So), 
apply Theorem 1 to So, we get 
So "" (0 . . . . .  O, 1 . . . . .  l , y l  . . . . .  Yzn-k-uo-Vo), 
u,, t'o 
with Uo, co ~ n - 2k + 3. 
Hence, 
So "-- (0 . . . . .  0,1 . . . . .  1,zl . . . . .  Z(m+ l}.-k- . -~') ,  
u r 
where u, c /> n - 2k + 3, and all zl ~ 0,1. 
Put T = (0 . . . . .  0,1 . . . . .  l ,z~ . . . . .  z~m÷ ~}~-k- . -v) ,  clearly, it is sufficient to prove 
u+r>1(m+l )n -2k+2.  
if u+r<(m+ l )n -2k+2,  then (m+ l )n -k -u -v />k- l .  Note that  
u ,c />n-2k+3>lk - l ,  put L=T- (0  . . . . .  0 ) - (1  . . . . .  l ) - ( z l  . . . . .  z~_t), then 
k- I  k - I  
ILl = (m + l)n - k - 3ik - 1)/> mn - 1, so by the Erd6s -G inzburg -Z iv  theorem 
there exists a (m - l )n-term subsequence Lo of L such that  YLo = 0, it follows from 
0¢~m.(S)  that  0~L(T  - Lo). Note IT - Lol = 2n - k and by applying Theorem 1 
to T - Lo,  we get 
T - Lo ~ (0 . . . . .  0,1 . . . . .  l , x l  . . . . .  xt), 
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with ! ~ k - 2. This contradicts that T - Lo contains (0 . . . . .  0), (1 . . . . .  1), (zt . . . . .  z~_ t) 
k--I k--I 
as its three subsequences and all z~ ¢ O, 1. The proof is now completed. [] 
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